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Abstract. For a knot K in S 3 and a regular representation p of its group 
Gk in SU(2) we construct a non abelian Reidemeister torsion form on the first 
twisted cohomology group of the knot exterior. This non abelian Reidemeister 
torsion form provides a volume form on the SU(2)-representation space of 
Gk (see Section |SJ . In another way, we construct according to Casson — 
or more precisely taking into account Lin's ILin92l and Heusener's IHeu03l 
further works — a volume form on the SU(2)-representation space of Gk (see 
Section Next, we compare these two apparently different points of view — 
the first by means of the Reidemeister torsion and the second defined "a la 
Casson" — and finally prove that they produce the same topological knot in- 
variant (see Section 171. 



Introduction: Motivation and Main ideas 

The space of conjugacy classes of irreducible SU(2)-representations of a knot 
group is a real semi-algebraic set and its regular part is a 1-dimensional manifold 
(for more details see infra). The aim of this paper is to compare two a priori dif- 
ferent constructions on this 1-dimensional manifold: one by means of Reidemeister 
torsion and another using Casson's original construction. Firstly, we associate to 
any regular SU(2)-representation p of the knot group a non abelian Reidemeister 
torsion form on the first cohomology group of the knot exterior with coefficients in 
the adjoint representation associated to p. Secondly, we construct "a la Casson" a 
volume form on the 1-dimensional manifold consisting of conjugacy classes of reg- 
ular representations, which appears to be a knot invariant. Finally, we prove that 
these a priori two different points of view are indeed equivalent (see Theorem l7.1|l . 

The Reidemeister torsion was introduced for the first time in 1935 by K. Reide- 
meister in his work |Rei35j on the combinatorial classification of 3-dimensional lens 
spaces. The torsion is a combinatorial invariant which is not a homotopy invariant. 
It has became a fundamental tool in low-dimensional topology, see for example 
Turaev's monograph T:u()2 . Informally speaking, the Reidemeister torsion is a 
graded version of the determinant in the same way that the Euler characteristic is 
a graded version of the dimension. 

In 1985, A. Casson constructed an integer valued invariant of integral homology 
3-spheres which appeared extremely useful. The original definition of the Casson 
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invariant is based on SU(2)-representation spaces. Informally speaking, the Casson 
invariant of the homology sphere M counts algebraically the number of conjugacy 
classes of irreducible SU(2)-representations of m(M) in the same sense that the 
Lefschetz number of a map counts the number of fixed points. 

In 1992, X.-S. Lin used Casson's construction to define an integer knot invari- 
ant. He indirectly proved that this invariant is equal to half the signature of knots 
(see |Lin92| L At first sight, the equality between these two apparently different 
quantities seems mysterious. In 2003, M. Heusener explained Lin's result using 
an orientation on the SU(2)-representation space of knot groups. More precisely, 
given a knot K C S 3 let Mk denote its exterior and let Gk — k\(Mk) denote 
its group. In general the representation space of Gk in SU(2) has singularities; to 
avoid this difficulty Heusener and Klassen introduced in |HK97| the notion of reg- 
ular representation. An irreducible SU(2)-representation p of Gk is called regular 
if dimHp(MK) = 1, where H*(Mk) denotes the (Ad o p)-twisted cohomology of 
Mk- Let IZeg(K) denote the set of conjugacy classes of regular representations of 
Gk- Heusener proved that IZeg(K) is a canonically oriented 1-dimcnsional mani- 
fold (see |Heu03l Section 1]). 

In this article we investigate a volume form on IZeg(K) which is an invariant of 
K. In particular, we explain an intimate connection between this volume form and 
a non abelian Reidemeister torsion form on H p (Mk)- Observe that our torsion is 
different from the one previously studied by E. Witten for surfaces in | Wit91| . This 
difference is precisely due to the non-triviality of the second twisted cohomology 
group H 2 (Mk) of Mk- The definition of the Reidemeister torsion form for the 
exterior of K needs a reference basis for H 2 (Mk)- Our construction of this basis is 
inspired by the work |Por97l Corollary 3.23] of J. Porti. Let us describe the main 
ideas of the construction. For a regular representation p of Gk in SU(2), the twisted 
cohomology groups of M K satisfy: H°(M K ) = 0, H^(M K ) = M and H 2 p (M K ) = 
R. We produce a distinguished basis for H 2 (Mk) using the fundamental class of 
8M K and the isomorphisms H 2 (M K ) = H 2 p {dM K ) = H 2 (dM K ;Z) <g> R. With 
this reference basis, we construct a linear form on the 1-dimensional vector 
space H p (Mk)- This form is called the Reidemeister torsion form associated to K 
and p. It is a combinatorial invariant and maps any generator of H p (Mk) to the 
sign-determined (Ad o /?)-twistcd Reidemeister torsion of Mk corresponding to this 
choice of bases for H*(Mk) and to the canonical cohomology orientation of Mk- 

In another way, we construct according to Casson a canonical volume form on 
IZeg(K). This volume form is denoted w K . The construction of u K uses a plat 
presentation of the knot K to obtain a splitting of its exterior. This particular 
decomposition replaces the Heegaard splitting used in the original construction of 
the Casson invariant for homology 3-spheres (see |CM 92 ). 

Let R(Mk) denote the space of conjugacy classes of irreducible SU(2)-represen- 
tations of Gk and assume that p is a regular representation. We show that the 
tangent space to R(Mk) at the conjugacy class of p is isomorphic to H p (Mk)- This 
isomorphism allows us to formulate the main result of the present work. 

Main Theorem ( Theorem 17. If p : Gk —> SU(2) is regular, then = wFy 

The present paper is organized as follows. Sections H to El are reviews on SU(2)- 
representation spaces, sign-determined Reidemeister torsion and twisted derivations 



Non abclian Rcidcmcistcr torsion and volume form 



3 



respectively. In Section^] we discuss the canonical cohomology orientation and the 
twisted cohomology of knot exteriors and also the notion of regular representations. 
In Section [5] we investigate the non abelian Reidemeister torsion form. Section 
deals with the Casson-type construction of the natural volume form on the SU(2)- 
representation space of knot groups. In Section |7| we explain how to interpret this 
volume form in terms of the Reidemeister torsion form. The rest of the article is 
devoted to the proof of the Main Theorem (Theorem 17. 1(1 . see Sections l9l and ITUl 
This paper is part of the author Ph.D. thesis |Dub03b| . 

1. Representation spaces 

Here we collect some well-known results about SU(2)-representation spaces and 
introduce the notation used throughout this paper. 

1.1. Some notation. In all this article "connected" means " arc- connected" . 

The fundamental group 7Ti(A) of a connected topological space X is consider 
without specifying a base point since all the constructions we do are invariant by 
conjugation, see |Por971 p. 9] for details. 

The Lie group SU(2) acts on its Lie algebra su(2) via the adjoint representation 
Ad a ■ su(2) — > su(2) defined by AcIa(x) = AxA -1 , where A G SU(2). As a manifold 
SU(2) is identified with the 3-sphere S 3 and we identify the 2-sphere S with the set 
of zero-trace matrices of SU(2): S 2 = {A G SU(2) | Tr(A) = 0}. The Lie algebra 
5u(2) is identified with the pure quaternions i.e. with the quaternions of the form 
q = ai + 6j + ck. Recall that for all A G SU(2) there exist 9 G [0, n] and P G S 2 
such that A = cos(6>) + sm(6)P. Moreover, the pair (9, P) is unique if and only if 
A ^ ±1. Note that Ad a is the rotation of angle 29 which fixes P. The Lie algebra 
su(2) is equipped with the usual scalar product defined by (x, y) = —1/2 • Tr(xy). 
This scalar product coincides with the Killing form of su(2) multiplied by —2. We 
think of SO (3) as the base space of the 2-fold covering Ad : SU(2) — > SO (3) given 
by A h-> Ad A - 

1.2. Representation spaces. Given a finitely generated group G we let R(G) = 
Hom(G; SU(2)) denote the space of SU(2)-representations of G. This space is en- 
dowed with the compact-open topology. Here G is assumed to have the discrete 
topology and SU(2) the usual one. A representation p of G in SU(2) is called abelian 
or reducible (resp. central) if its image p(G) is an abelian subgroup of SU(2) (resp. 
is contained in the center {±1} of SU(2)). A representation is called irreducible 
if it is not abelian. We let R(G) (resp. C(G)) denote the subspace of irreducible 
(resp. central) representations. 

The compact Lie group SU(2) acts on R(G) by conjugation. We write [p] for the 
conjugacy class of the representation p G R(G) and we let SU(2)(p) denote its orbit. 
The action by conjugation factors through SO(3) = SU(2)/{±1} as a free action 
on the open subspace R(G) and we set R(G) — i?(G)/SO(3). In this way, we can 
think of i?(G) as the base space of a principal SO(3)-bundle with total space R(G), 
see |GM92I Section 3. A]. Furthermore, we know that R(G) admits the structure 
of a real affine semi- algebraic set (see |Heu03l Section 2] ) . Here a subset of R m is 
called a semi-algebraic set if it is a finite union of finite intersections of sets defined 
by polynomial equalities and inequalities. 
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Notation. For a connected CW-complex W we write R(W) = R(ni(W)), R(W) = 
R{tti(W)), R{W) = R(-ki{W)) etc. 

For a knot K in S 3 let M K = S 3 \N(K) denote its exterior and let G K = ^i(M K ) 
denote its group. Here N(K) is an open tubular neighbourhood of K. Recall that 
Mk is a compact 3- manifold bounded by the 2-torus 8Mk- 

Let G' K be the subgroup generated by the commutators of Gk- The abelian- 
ization Gk/G' k = Hi(Mk;Z) is generated by the meridian m of K. So each 
abelian representation of Gk in SU(2) is conjugate to one and only one of the 
tpe : G K -> SU(2) defined by <p e (m) = cos(0) + sin(0)i, with < 6 < n. 

Notation. Let p £ R(G) and let g £ G be such that p(g) ^ ±1. There ex- 
ists a unique pair (9 p (g), P p (g)) £ (0, it) x S 2 such that p(g) — cos(0 p (g)) + 
sm(6r(g))PP(g). 

2. Review on Reidemeister torsion 

This section reviews the definitions of a volume form, of the notion of compati- 
bility and of the sign-determined Reidemeister torsion of a CW-complex to set up 
the conventions which will be used. For more details, we refer to Milnor's survey 
jMilBBj and to Turaev's monographs |Tur01| & |Tur02j . 

2.1. Volume forms and compatibility. Let E be a rt-dimensional real vector 
space. Let E* = Homjj(i?,R) denote its dual space. A volume form v on E is a 
generator of the nth exterior power /\™ E* . Let E', E" be two real finite dimensional 
vector spaces and let v', v" be volume forms on E', E" respectively. The direct sum 
E 1 @ E" has a canonical volume form denoted v' A v". 

Consider now a short exact sequence 0^E'^E^E"^0 of finite dimen- 
sional real vector spaces. Let v', v and v" be volume forms on E', E and E" 
respectively; let s denote a section of j, so that i © s : E' © E" — > E is an iso- 
morphism. We say that the previous three volume forms are compatible with each 
other if v 1 A v" — (i © s)*(v). It is easy to verify that the notion of compatibili- 
ty is independent of the chosen section s. Furthermore, if any two of the vector 
spaces E', E and E" are endowed with a volume form, then the third is endowed 
with a unique well-defined volume form which is compatible with the two others. 
In particular, if v,v" are volume forms on E,E" respectively, we write v' — v/v" 
the unique compatible volume form on E' to indicate its dependence on v and v" 
(cf. |Mil62l Section 1]). Compatibility will be used to set up the Multiplicativity 
Lemma (see Subsection l7.3fl as well as in order to build up "new" volume forms (see 
Subsection ■ 

2.2. Algebraic preliminaries. Keep the notation of the previous subsection. 
For two ordered bases a = {ai, . . . , a„} and b = {bi, . . . , b n } of E we write 

[a/b] = det(pij)i t j, where a,i = Ylj=iPijbji f° r au i- The bases a and b are 
equivalent if [a/b] = +1. Two equivalent bases define the same volume form on E. 

Let C* = (0 — g-C„ d "> C n -i " > ■ • ■ dl > Co — 3-0) be a chain complex of finite 
dimensional vector spaces over R. For each i, consider Bi = im(di+i : C;+i — > C<), 
Zi = ker(e?i : d — > Cj_i) and the homology group Hi = Zi/Bi. We suppose that 
d (resp. Hi) is endowed with a reference basis c 1 (resp. h l ) for each i. In this 
case, we say that C* is based and homology based. The Reidemeister torsion of 
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the based and homology based chain complex C*, with reference bases c* and h*, 
is defined as follows. Let h l denote a basis of Bi. We have the two short exact 
sequences: 

(1) O^^Zi— M>, 



(2) o^Bi^Zi^Ht^O. 

Choose a lift b l of b 1 in Cj and a lift h l of h l in Zi. Many choices of such lifts are 
of course possible. Using the exactness of Q and © the sequences of vectors b 4 , 
h l and b l_1 combine to yield a new basis b'h'b* of Cj. With this notation, the 
Reidemeister torsion of C* , with reference bases c* and h* , is (see ['lurOll Definition 
3.1]): 

n 

(3) tor(C*,c*,h*) = ]J[b<h i b i - 1 /c i ] ( ~ 1)1+1 e E*. 

i=0 

The torsion tor(C*, c*, h*) does not depend on the choice of the bases b 1 of Bi nor 
on the lifts b l and h*. 

We say that the based chain complex C* is acyclic if Hi(C*) vanishes for all i. 
In this case, if r» = (C* — > 0) denotes the left-shift chain complex obtained from 
C*, i.e. Tq = and I\ = Cj_i for i 1, then 

(4) tor(T„) = (tor(C,)) _:l . 

The Reidemeister torsion of C* does only depend on the equivalence classes of 
the reference bases c 1 and h\ More precisely, if c' 1 is a different basis of (7, and h' ! 
a different one of Hi, then we have the basis change formula 

tor(C.,c'*,h") = A / [cTc^ V^' 
tor(a,c*,h*) ^ \ [h'Vh*] / 

Convention. Suppose that the chain complex C* is not based and not homo- 
logy based but is such that each and each Hi is endowed with distinguished 
volume forms. The Reidemeister torsion of such C* is computed — according to 
formula — with respect to any reference bases of Ci and Hi which have volume 
one. 

2.3. The Reidemeister torsion of a CW-complex. If formula © is used to 
define the Reidemeister torsion of a CW-complex, then we will fall into the well- 
known "up-to-sign ambiguity" of the Reidemeister torsion. To solve this problem 
V. Turaev has introduced a sign-determined Reidemeister torsion. 

The sign- determined torsion. Set 

i i 

ojfC*) =^dimC fe e Z/2Z, ft(C*) = ^dimif fe e Z/2Z, 

k=0 k=0 

\C*\ = ^a k (C*)(3 k (a)eZ/2Z. 

fe^O 

The sign-determined Reidemeister torsion of C* is the "sign-corrected" torsion 
(6) Tor(C*,c*,h*) = (-l)l c *l tor(C», c*, h*) el*, 
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see |Tur86l Section 3.1] or }Tur02l formula (l.a)]. 

The Reidemeister torsion of a CW-complex. Let W be a finite CW-complex; 
consider a representation p : tti(W) — > SU(2). The universal covering W of W is 
endowed with the induced CW-complex structure and the group iri(W) acts on W 
by the covering transformations. This action turns C*(VF;Z) into a chain complex 
of left Z[7ri(14^)]-modules. Further observe that the Lie algebra su(2) can be viewed 
as a left Z[7Ti(M / )]-module via the representation Ad o p. The (Ad o p)-twisted 
cochain complex of W is 

C* (W;Adop)= Horn^ {x) (C. (W: Z), su(2)) . 

The cochain complex C* (W; Ad o p) computes the (Ad o j o)-twisted cohomology 
of W. This cohomology is denoted H*(W). When H*(W) — we say that p is 
acyclic. 

Let {e(\ . . . , en}} denote the set of i-dimensional cells of W . Choose a lift 

(i) . — ' 

of the cell in W and choose an arbitrary order and an arbitrary orientation for 

the cells ef. Thus, for each i, c* = {e^, . . . , is a Z[tti (W^-basis of C t (W; Z) 
and we consider the corresponding "dual" basis over R 

of C^W; Ado p) = Hom Tl(x) (Ci(W;Z), su(2) ) . 

If isabasis offl^(W) then Tor(C*(PF; Adop), c* u(2) , h*) e M* is well-defined. 

The cells {e^ }o<iXdimW,i<jXni are m one-to-one correspondence with the cells 
of W and their order and orientation induce an order and an orientation for the 
cells {ej. }o<j^diniW,i<jXni- We thus produce a basis over R for C*(W;W) which 
is denoted c*. 

Choose a cohomology orientation of W i. e. an orientation of the real vector space 
H*(W; E) = i>o H l (W; K); let o denote such an orientation. Provide each vector 
space H l (W] R) with a reference basis h l such that the basis h* = {h°, . . . , h dlmW } 
of ff*(l / F;R) is positively oriented with respect to the cohomology orientation o. 
Compute the sign-determined Reidemeister torsion Tor(C*(W; R), c* , h*) £ R* of 
the resulting based and cohomology based chain complex C* (W; R) and consider 
its sign r = sgn(Tor(C*(iy;R),c*,/i*)) € {±1}- Further observe that r does not 
depend on the choice of the positively oriented basis h* . 

The sign-determined Reidemeister torsion of the cohomology oriented CW-com- 
plex W twisted by the representation Ad o p is the product 

TOR(iy;Adop,h*,o) = T • Tor(C*(W;Ado p), c ; u{2) ,h*) e R*. 

The torsion TOR(W; Adop, h*, o) is called the (Ado p) -twisted Reidemeister torsion 
of W. It is well-defined. It does not depend on the choice of the lifts e!j nor on 
the order and orientation of the cells (because they appear twice). Finally, it just 
depends on the conjugacy class of p. 

One can prove that TOR is invariant under cellular subdivision, homeomorphism 
class and simple homotopy type. In fact, it is precisely the sign (— l)l c *l in © 
which ensures all these particularly important properties of invariance (see |Dub03bl 
Chapter 2] for detailed proofs). 
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3. Twisted derivations and Tangent bundle to representation spaces 
This section reviews the useful concept of twisted derivations. 

3.1. Twisted derivations. Let G be a finitely generated group and consider a 
representation p : G — > SU(2). 

An (Ad o p)-twisted derivation is a map d : G — > su(2) satisfying the cocycle 
condition: d(<?i.g 2 ) = ^(.9i) + ^^(91)^(52), for all 51,(72 S G. We let Der p (G) denote 
the set of (Ad o p)-twisted derivations. Among twisted derivations we distinguish 
the inner ones. A map 5 : G — > su(2) is an inner derivation if there exists a £ su(2) 
such that 8(g) = a — Ad p r g \a, for all g G G. We let Inn p (G) denote the set of inner 
derivations. Observe that Inn p (G) = su(2) for any irreducible representation p. 

Recall that 

Z\(G) S Der p (G), B\(G) - Inn p (G), H)(G) - Der p (G)/Inn p (G), 

and 

H° p (G) = 5 u(2) Ad °^ = su(2) I v = Ad p(g) v, V 9 G G}. 
For each irreducible representation p of G we thus have the short exact sequence 
(7) 0^su(2)^Der p (G)^i? p 1 (G)^0. 

3.2. Derivations and tangent spaces. We begin by a digression on SL2 (([^-re- 
presentations. Let i?(G, SL 2 (C)) = Hom(G; SL 2 (C)) denote the space of SL 2 (C)- 
representations of G endowed with the compact-open topology. To each repre- 
sentation p G R(G, SL 2 (C)) we associate its character \p '■ G — > C defined by 
Xp(fl) = Tr(p(t/)) for all g G G. The set of characters of G is called the repre- 
sentation variety and is denoted X(G). In a way X(G) is the "algebraic quo- 
tient" of R(G, SL 2 (C)) by the action by conjugation of PSL 2 (C) because the na- 
ive quotient R(G, SL 2 (C))/PSL 2 (C) is not Hausdorff in general. It is well known 
that R(G, SL 2 (C)) and X(G) have the structure of complex algebraic affine sets 
fsee |HS83l) 

In |Wei64| . A. Weil proved that the Zariski tangent space to R(G, SL 2 (C)) at an 
irreducible representation p can be identified to a subspace of Z 1 (G;sl2(C)Ado P )- 
Here sl2(C)Ado P denotes the left Z[G]-module structure on sl 2 (C) induced by the 
adjoint representation. This inclusion is explicitly given by 
(8) 

T p z ^(G,SL 2 (C))-,Z 1 (G; S [ 2 (CU dop ) ; ^ ^S G ^f^\ 

dt t =o [9 ^ - t pt(g)p(g )| t=0 

where po — p (cf. |Por97l Paragraph 3.1.3]). For an irreducible representation 
p:G^ SL 2 (C) the orbit SL 2 (C)(p) = {Ad A o p \ A G PSL 2 (C)} is isomorphic to 
B p (G; st 2 (C) J 4 ( ;op)- So we get the natural inclusion 

T^X(G) - Z 1 (G;sl 2 (C) Ad o P )/B 1 (G;sl 2 (C)Ado P ) = H\G: sl 2 (C) Adop ). 

After this general digression we turn back to the case of SU(2)-representations. 
Consider the involution a : SL 2 (C) -» SL 2 (C) defined by a(A) = (A T )~ 1 . Let 
SL 2 (C) CT denote its set of fixed points. With this notation we have SL 2 (C) CT = 
SU(2). Let 0% be the linear map D\o : s[ 2 (C) — » st 2 (C). We have cr^(x) — —x T 
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and s[2(C) cr * = su(2). For every irreducible representation p : G — » SU(2) we define 
the tangent space to R(G) = (R(G, SL 2 (C))) CT at p to be 

T P R{G) = {T*™R{G,SL 2 {C))Y' C T p Zar R(G, SL 2 (C)). 

The equality ^(G; s[ 2 (C)Ado P ) = Z p (G) <8>r C provides the inclusion 

(9) T p i?(G) = (T p Zar i?(G, SL 2 (C))) CT * (^(^(C)^))"* = Z p (G). 
We also have: 

(10) (SL 2 (C)(/9)) CT = SU(2)(p) for all p e JE(G). 
Equality I|1U|) follows from the two following facts: 

(1) two irreducible representations of G in SL 2 (C) with the same character are 
conjugate by an element of SL 2 (C), see [CS83I Proposition 1.5.2]; 

(2) if two irrreducible (i.e. non abelian) representations in SU(2) are conjugate 
by an element of SL 2 (C), then they are conjugate by an element of SU(2), 
see |Kla91l Proof of Proposition 15]. 

Inclusion © and equality ljTU|) combine to yield 
Proposition 3.1. If G is the free group F n (resp. the fundamental group of a punc- 
tured 2 -sphere), then inclusion Jj^j gives rise to an isomorphism T^R(G)—^H p (G) 
for every irreducible representation p : G — > SU(2). 

4. Twisted cohomology for knot exteriors 

In this section, we turn to the geometric application of the previous algebraic 
preliminaries. 

Assume that S 3 and K are oriented. Let p be any non boundary central repres- 
entation of Gk in SU(2), i.e. such that p( / Ki(dMK)) <t- {il}> an d fix a presentation 
of the group of K of the form: 

(11) Gk = (Si, . . . ,S r | Ri, . . . , Rr-i). 

The meridian m of K is only defined up to conjugation and is oriented by the 
convention £k(K, m) = +1, where £k denotes the linking number. 

We begin by reviewing the notions of regularity and of /i-regularity for a repre- 
sentation (see |EZ96| . |HK97| . |Por971 Definition 3.21] and |Heu03l Section 1]). 

4.1. Regular representations. The long exact sequence in (Ad o p)-twisted co- 
homology corresponding to the pair (Mk,9Mk) and the Poincare duality imply 
dim-ffp(MR-) ^1. So a SU(2)-representation of a knot group is never acyclic. 

If p : G K -> SU(2) is irreducible, then H° p (M K ) = 0. Moreover, we have 
&iviH 2 p (Mk) = dimH x (M K ) because dim H p (M K ) = 3x(M K ) = 0. 

Regular representations. Among irreducible representations we focus on the 
regular ones. An irreducible SU(2)-representation p of Gk is called regular if 
dim H p (Mk) = 1- It is easy to see that this notion is invariant under conjuga- 
tion. We let IZeg(K) denote the set of conjugacy classes of regular representations 
of G K in SU(2). 

Example 1. If if denotes a torus knot or the figure eight knot, then any irreducible 
representation of Gk in SU(2) is regular (see the proof of Proposition l5.4|l . 
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M. Heusener and E. Klassen proved that if p is regular, then its conjugacy class 
[p] is a smooth point of R{Mk) and dim R(Mk) = 1 in a neighbourhood of [p] 
(c/. |HK97I Proposition 1]). So, IZeg(K) is a 1-dimensional manifold. Using prop- 
erties of Subsection l3.2l we can establish 

Proposition 4.1. If p : Gk — ► SU(2) is regular, then inclusion 0) gives rise to 
an isomorphism tp^ : T^R(M k )—^H^{Mk). 

p-regular representations. Consider p G R(Mk) and fix a simple closed oriented 
curve p in OMk- Let Nt p ] be a neighbourhood of [p] in R{Mk)- Introduce the map 
9fj, : Ni p ] C R{Mk) — > S 1 which associates to [g] G half the angle of the rotation 
Ado g(p). As we only consider knot exteriors remark that the map 9^ is never zero 
and always a well-defined analytic map. 

A representation p is called /i-regular if p is regular and if dp ■ R(Mk) — > S 1 
is a submersion at [p] (see |Por971 Proposition 3.26]). Observe that the notion of 
/^-regularity is invariant under conjugation and does not depend on the orientation 
of p. 

Example 2. If K denotes a torus knot, then any irreducible representation of Gk 
in SU(2) is m-regular (sec Dub03b Example 1.43] and the proof of Proposition l^4*|l . 

We use in the sequel the following alternative cohomology formulation of /^-regu- 
larity. Consider the linear form fP : H^{M K ) -> K defined by fP(v) = (v(p),PP). 
Here (•, •} denotes the usual scalar product of su(2). 

Proposition 4.2. The representation p is p-regular if and only if fP is an iso- 
morphism. 

It follows that if p is /^-regular, then we have a reference generator for H p (Mr) = 

K denoted h { p\p) which satisfies fP{h { p\p)) = +1. 

Proposition 14. 21 is a consequence of the following claim. 

Claim 4.3. If p G R(Mk) is regular, then fP(v) — D^O^pT^v)), for all v G 
Hp(M K ). 

Proof. Fix v G H^(Mk) and choose a germ p s in a neighbourhood of the origin 



such that tp^ (v) 



-j^ with p = pq. We can assume that p s is regular because 

s s=0 

p is itself regular. There exists a family of matrices A s such that 



e 



p s (p) =A S [ Q e - iB ^ Ps ) ) A 



i-i 



Observe that P p = AdA (i) and d 



ds 



s=0 



= -V^| s=Q V-Thus, 



(12) ±p s (g)p(g)-l 



= (Id -Ad M )^ 



P p . 

s=0 



Taking into account the fact that (Id — Ad p ^)P p = we deduce that the term 
(Id - Adptu)) ^tH _ n A^ 1 in equation is orthogonal to P p . Thus, 



( ^/<- •:.</;•/<•:;/) 



s=0 



s=0 

□ 
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4.2. Cohomology orientation of knot exteriors. In this subsection, we equip 
knot exteriors with the canonical cohomology orientation (see |Tur02l Chapter V.3] 
for more details). 

We associate to the presentation (|11H of Gk the two-dimensional CW-complex 
Xk in the usual way. The 0-skeleton of Xk consists of a single point e^°\ the 
1-skeleton X K is a wedge of r oriented circles , ■ ■ ■ , er corresponding to the 
generators Si. Finally, Xk is obtained from X K by gluing the r — 1 closed 2-cells 

e[ \ . . . , e^._ 1 attached using the relations Rj. We have tti(Xk) = Gk- In |Wal78j . 
F. Waldhausen proved that the Whitehead group of a knot group is trivial. As a 
result Xk has the same simple homotopy type as Mk- So, the CW-complex Xk 
can be used to compute the Reidemeister torsion of Mr. 

Set X{ = C 2 ~ 1 (Xk ; K) for i = 0, 1, 2. For consistency reasons, we think of X* as 
a chain complex of real vector spaces. Explicitly 

r r _j 

(13) X* = >R e (°) -0 Mef ) ^0 Kef -0 . 

3=1 fe=l 

Observe that x(%*) = and that X* is not acyclic: i?,-(X*) = H 2 ~ 1 (Mk ; K), for 
i = 0,1,2. 

Let [p£] G ff°(MR-;Z) be the cohomology class of a point and let to* : m 1 
be the dual of to. We base #*(£*) = H°(Mk', R) © iT^A/^; R) with {[pi], to*}. 
In the sequel, we assume that X* endows the cohomology orientation induced by 
this basis. Moreover we always compute the (Ad o p)-twisted Reidemeister torsion 
of knot exteriors with respect to this canonical cohomology orientation. 

4.3. The knot exterior twisted chain complex. Let p be a non boundary 
central representation of Gk- The knot exterior twisted chain complex is the chain 
complex X£ defined by X P = C 2 ~ 1 {Xk Ad o p) for i = 0, 1, 2. As in Subsection 14. 21 
we think of X* as a chain complex of real vector spaces. The presentation (1111) of 
Gk provides 

(14) XP = ^su(2)^^su(2) r ^-^ S u(2) r - 1 M). 

The boundary operators d p x and are induced by the usual ones of C*(Mr-,Z) 
obtained using the Fox differential calculus (see |CF63I Chapter 7]). If we write 
go x = Adpig\(x), for g £ Gk and x £ su(2), then 

^0*0 = (C 1 - • • • > C 1 - o for all x e su(2), 
d i = H TTc 1 ° x i for a11 (^jOkj^ e su ( 2 ) r - 



=1 ^' 



l<i<r-l 



4.4. The Reidemeister torsion and the Alexander polynomial. In the pre- 
vious subsections, we focus on non abelian representations. In the present one, let 
us make a digression on abelian representations. The aim of this subsection is to 
compute the Reidemeister torsion of the exterior of K twisted by the adjoint rep- 
resentation associated to an abelian representation of Gk in terms of the Alexander 
polynomial of K . 

Recall that an abelian representation of Gk in SU(2) is entirely determined by its 
value on the meridian to of K. Let tpg : Gk SU(2) be the abelian representation 
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defined by <pg(m) — cos(#) + sin(0)i with < 8 < it (i.e. (pg is supposed to be non 
boundary central). When e is not a zero of the Alexander polynomial Ak of K we 
say that ipg is regular. In this case, E. Klassen proved in |Kla91l Theorem 19] that 
H v,( m k) = H^Mk; Z)®R, for alH. We can also remark that H° g (M K ) = kevd^" 
is generated by hS ' = i (the common fixed axis of the rotations Ad o tpg(Sj), 
1 ^ j ^ r) and H^^Mk) is generated by hS x ' — ii + • • • + hn, where i& is the 
vector in 5u(2) 2 " of which all entries are zero except the one of index k which is 
equal to i. 

With this notation we have (see |Mil62l Theorem 4], |'l'ur861 Subsection 1.2] 
and |Dub03bl Section 2.5]) 

Proposition 4.4. Let tpg be a regular abelian representation with < 6 < n. The 
(Ad o (pg) -twisted Reidemeister torsion of Mk calculated in the basis {h^°\h^} of 
H* g (Mx) and with respect to the canonical cohomology orientation of Mk satisfies 

4 sin 2 (6) 



\A K (e 



2ig\\2' 



(15) TOR (M K ; Ad oipg^h^ihM}) = 

Here A^- denotes the Alexander polynomial of K. 
Remark 1. If ii" is the trivial knot, then 

TOR (m k ; Adoipg, {h^°\h w }^ = 4 sin 2 (6) 
is the twisted Reidemeister torsion of the solid torus Mk- 

Ideas of the proof. We just give the main ideas and leave the detailed computations. 
For all j, in the basis {i,j,k}, we have 

(1 \ 

Adotpg(S j )= cos(26») -sin(20) e Aut(su(2)). 
\0 sin(20) cos(26>) / 

Take the complexification of the Lie algebra su(2). The three subspaces respecti- 
vely generated by i, j — ik and j + ik define a splitting of su(2). The action of 
Ado ipg leaves these subspaces invariant: it acts trivially on the first factor, as the 
multiplication by e 2%e on the second one and as the multiplication by e~ 2%e on the 
third one. The factor corresponding to the subspace generated by i contributes 
trivially because H±(Mk) is torsion free. To compute the other contributions recall 
that the Reidemeister torsion twisted by the abelianization representation is (with 
our conventions for the Reidemeister torsion) equal to (t — l)/A#-(t), see Mil62 . 
This result implies that the factor corresponding to the subspace generated by 
j — ik contributes by (e 2lB — l)/A^-(e 2 ) and that the factor corresponding to the 
subspace generated by j + ik contributes by (e~ 2lB — l)/Ajf(e" M ). The product 
of these three contributions gives equation Q15jl. □ 

5. Non abelian Reidemeister torsion 

In this section, we investigate the non abelian Reidemeister torsion for knots in 
S 3 . For this purpose, we define a reference basis for the second twisted cohomology 
group H 2 (Mk)- The main idea of the construction is to look at the restriction of the 
SU(2)-representations of Gk to the peripheral subgroup of K (see Subsections 15 .11 
& 15.2(1 . We assume that S 3 and K C S 3 are oriented. Later we shall see that the 
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definition of the torsion does not depend on the orientation of K but depends on 
the one of S 3 (see Proposition Ell) . 

5.1. Twisted cohomology of the torus. The exterior of K is oriented and is 
bounded by the 2-torus 8Mk- This boundary inherits an orientation by the con- 
vention "the inward pointing normal vector in the last position". Let int(-, •) be 
the intersection form on 8Mk induced by this orientation. The peripheral sub- 
group 7Ti(<9Mr-) is generated by the meridian- longitude system m, I of K. Here m 
is oriented by the convention £k(K,m) = +1 and I is oriented by using the rule 
int(m, I) = +1. 

Observe that if p € R(Gk) then p(m) ^ ±1 (because m normally generates Gk)- 
So there exists a unique pair (8,P P ) G (0,n)xS 2 such that p{m) — cos(0)+sm(0)P p . 
Notice that P p generates the common fixed axis of the rotations Ado p(m(dMK)) 
and thus generates the 1-dimensional space Hp(dMx). 

The usual scalar product of su(2) induces a cup-product 

U : H p (dM K ) x H q p (dM K ) -> H p+q (dM K ;M.). 

This cup-product is non-degenerated and gives an explicit isomorphism between 
H*(dM K ) and H*(dM K ;R) (see |Por97l Proposition 3.18] for a proof). We sum- 
marize this in the following result: 

Lemma 5.1. The map <p PP : H*(dM K ) -> H*(dM K ;M.), defined by (f> PP (z) = 
P p U z, is a natural isomorphism. 

5.2. Reference basis of the second twisted cohomology group of Mk- Re- 
call that Hp(Mic) — R and H?(Mr) = R for all regular representation p of Gk 
in SU(2). The construction of the reference generator of H 2 (Mk) is based on the 
following lemma (sec Por97, Corollary 3.23]). 

Lemma 5.2. Let p : Gk —> SU(2) be a regular representation. The inclusion 
8Mk °-> Mk induces a natural isomorphism i* : H 2 (Mk) — > Hp(dMx). 

Proof. Associated to the pair (Mk,9Mk) is the long exact sequence in (Ad o p)- 
twisted cohomology 

*H l p (dM K )^H 2 (M K , dM K )^H 2 p (M k )^H 2 (dM K )^0. 

Thusrki* = dim H%(dM K ) = dim H 2 (dM K ; R) = 1 Csee Lemma lS"!) . Furthermore 
dim Hz (Mk) — 1. So i* is an isomorphism. □ 

Joining together Lemmas 15 . II fc I5~2l we conclude that the composition 

$1 o i* : H 2 p(M K ) H 2 p (dM K ) H 2 (dM K ;R) 

is an isomorphism. Let c denote the generator of ff 2 (9M^;Z) corresponding to 
the fundamental class [9Mjf] G H^OMk',^) induced by the orientation of 8Mk- 
The reference generator h p 2 ^ of H 2 (Mk) is defined by 



(16) 



hf = (4> P t loi*)- 1 ( c ). 
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5.3. Definition of the volume form r . Let p G R{Gk) be regular. The Rei- 
demeister torsion form t k at p is the linear form : T^R^Mk) — ► K defined 

by 

rf (u) - TOR (Mjc; Ad o p, {^ [p] («), fr p 2) }) , for all v ± 0. 

Here </?[ p j : Tij JJ(Mjt ) (Mir ) (see Proposition 14. l|l and /i p 2 ^ is the reference 
generator of H 2 (Mk) (see equation (11611 ). 

With the notation of Subsections I4.2ll4~3l we observe 

7/ («) = sgn(Tor(X*)) • Tor (xj, {v M («), ^ 2) }) • 

The linear form just depends on the SO(3)-conjugacy class [p] of /?, thus 
t k : [p] 1— > is a well-defined 1-volume form on IZeg(K). 
Here are some remarks. 

Remark 2. Note that Tor(X*) is ±1, because the homology of Mk with integral 
coefficients is torsion free (see |Tur86| ). So that sgn(Tor(X*)) = Tor(X*). 

Remark 3. For a regular representation p, there exist a unique P p £ S 2 and a unique 
P> G S 2 such that: p(m) = cos(0)+sm(6) PP and p(m) = cos(27r-#)+sin(27r-6>)P p 
where < 6 < 7r. If we repeat the construction of the torsion form replacing the 
vector P p by P p , then we obtain the opposite volume form — (because h p 2 ^ is 
replaced by —hp , see Lemma fo.lf) . 

Proposition 5.3. If K C S* 3 is a fcno£, £/ien /ias i/ie following properties: 

(1) t^" does not depend on the orientation of K. 

(2) If K* denotes the mirror image of K , then we have 

(Keg(K*),T K '*) = (-Keg(K),-T K ). 

Proof. It requires two steps. 

(1) If we reverse the orientation of K, then the meridian m is changed in 
mT 1 and the orientation of Mk is not affected. So that the cohomology 
orientation is reversed and the reference generator h p 2 ^ defined by 116(1 is 
replaced by —hp. Formula J5J implies that Tor(X») and Tor(X£) change 
their sign at the same time. 

(2) If we reverse the orientation of S 3 , then the orientation of Mk and the one 
of 8Mk change at the same time. Hence the meridian m is changed in inT x . 
So that the cohomology orientation is reversed. Thus Tor(X») changes its 
sign. Moreover the reference generator h p 2 ^ defined by l|16f) is unchanged. 
Thus Tor(X£) does not change. Moreover 

□ 

5.4. An explicit computation. Let q > be an odd integer. Let K q denote the 
torus knot of type (2,q) and let M q denote its exterior. Recall that the group G q 
of K q admits the presentation G q = (x,y | x 2 — y q ). In G q the meridian m of K q 
can be written as m — xy^ 3 " and the longitude I as I = x 2 m~ 2q . 

Before making the explicit computation of r Kq we give a parametrization of 
R(M q ) (cf. jKlaQll Theorem 1]). Consider the map p ttt : G q -> SU(2) defined by 
pl,t{x) = i and pe,t{y) = cos ((2£ — l)ir/q) + sin ((21 — l)n/q) (cos(7ri)i + sin(7rf)j) , 
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for < t < 1 and t G {1, . . . , (q — l)/2} . For all t and £, pi t t defines an irreducible 
representation of G q . In fact, all irreducible representations of G q in SU(2) arise in 
this way; more precisely, any p G R(M q ) is conjugate to one and only one of the 
pi y t- With this notation we show 

Proposition 5.4. We have TZeg(K q ) — R(M q ). The Reidemeister torsion form 
associated to the right-hand torus knot K q of type (2, q) satisfies 



K, 

T, 



( dpi 



V ds 



s=t 



■ sin 2 



{21- 1)tt\ d6: 



q \ q J ds 



nPt,s 



where Qm' 1 = O m (pe,t) — arccos ((— l) e 1 cos {{2£ — l)n/2q) cos(7rf)) . 

Proof. The proof is a direct computation. Essentially it consists in the explicit 
determination of the generator h p 2 ) t of H 2 e t (M q ) defined by equation JTSJ. 
(1) For all t and £, observe that p t , t (m) = cos(C'*) + sin(C' t )-P Pf - f with 



P«.« = (-l)^ 1 



sin ( m^JL ) i - cos ( 1 sinfTrrtk 



-2<l 



^in 2 (^)+cos 2 (^)sin 2 (7 r.)' 



(2) Let JT q denote the 2-dimensional CW-complex associated to the presentation 
G q = (x,y | r), where r = x 2 y~ q . The corresponding twisted chain complex 
Zl" = C 2 -*(X q ;Adop^ t ) is 

Z?-* = > su(2) su(2) © su(2) -^-^ su(2) > 

and the coboundary operators are 
M,t _ f Ad x ~ Id\ pt<t 



d p 2 " = A I and d[ ' = (Id + Adx, — (Id + Ady + • • • + Aciyg-i)) . 

\-Auy — Id/ 

Here X = pt,t{x), Y — pe.t(y)- Observe that cokerd Pf t = R is generated by k. So 
dim Hp ( t (M q ) = 1 and thus pij is regular. 

Now, we compute the homomorphism i* : H 2 et (M q ) — > Hp (dM q ) induced by 
i : dM q °-> Mq. For this purpose, we write the relation of iri(dM q ) as follows: 

R = lml~ 1 m~~ 1 = xrx~ 1 (xy 2 )r~ 1 (xy 2 

So that the inclusion i induces, at the level of 2-cocycles, the map i* : su(2) — > 
su(2) defined by i*(z) = Adx(z) — Adw(z), where W — pe.j{m). Thus, the re- 
ference generator hp^ t G H 2 tt (M q ) is the equivalence class of the element — 
(Ad x (k) - Ad w (k),P^)^ke su(2) . 

(3) The computation of the torsion for the torus knot K q requires a reference 
generator for if* (M g ). Observe that v = ( ) G kerd Pf,t ^md^'*. Furthermore 

v(m) = v{x) = k, so that the equivalence class of the element = (k, P Pf t ) v 
generates Hp~ e t (M q ). 

(4) A direct determinant computation gives 

Tor(Z^,{ U W, U ( 2 )}) = -^sin 2 ( ^Dl 
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For the right-hand torus knot we have r = sign(Tor(C*(X g ;R))) = +1. Thus 



TOR(M q -, Ado Pltt , {u w ,uV>}) = T Tor(Z?' t ,{u (1 >,u {2 >}) = ~^sin 2 



{2£-1)tt 



The basis change formula (J5J provides 



[Pi,: 

and because 



/ ipi,s 


s=t) 


dpt, s 


s=t 


\ ds 




ds 



TOK{M q ; Adop^ t , {u 



(1) „(2) 



})• 



(is 



/« 



(i) 



—p£ )S (m)pt,t(m) 1 



d0. 



Pi>,s 



we obtain the required formula of the proposition. 



□ 



Remark 4. Proposition l5.4l can be deduced from the computations made by J. Park 
for graph manifolds in )Par97| . However the distinguished generator of H 2 e t (M q ) 
must be explicitly known which is the main difficult part of the preceding proof. 



6. A VOLUME FORM ASSOCIATED TO A KNOT 

In this section, we review in detail the "natural" Casson-type construction of the 
volume form on IZeg(K), see Dub03a| and |Dub05| . 

6.1. The "base A fiber" condition. A volume form v on a n-dimensional mani- 
fold is a nowhere vanishing differential n-form. In the sequel, we will make a great 
use of the "base A fiber" condition which is the following. Given two volume forms 
v and w on the manifolds M m and N n respectively, a submersion / : M — > N 
and a point y 6 N, then the subspace f~ 1 {y) C M is a submanifold of dimension 
ra — n, the tangent space T x f~ 1 (y) is the kernel of D x f and we have the short exact 
sequence 



0- 



-0. 



- 7V.\/ " -7„.Y 

The submanifold / _1 (y) is endowed with the unique volume form w such that, for 
all x 6 Wi = v x /iVy i.e. u> x A w y — (i © s)*(v x ), s being a section of D x f. 

6.2. Plat decomposition and splitting of knot exteriors. Each knot K C S* 3 
can be presented as a 2n-plat (. Here ( is obtained from the 2n-braid ( £ B% n 
by closing it with 2n half circles as on Fig. ^ Such a presentation of K as plat 
gives rise to a splitting of its exterior of the form Mk = B\ Us -E>2 , where B\ , B2 
are two handlcbodics of genus n and S = B\ n B 2 — S 2 \ N(K) is a 2n-punctured 
2-sphere (c/. |Heu03l Section 3] and Dub05]1. This decomposition is similar to the 
Heegaard splitting used in the construction of the Casson invariant. It also gives 
rise to special systems of generators for m(Bi) ) i — 1,2, and for ni(S) respectively 
denoted % — {t^\ 1 ^ j < n} and S = {sj, 1 < j < 2n} (see Fig.^J. In fact, these 
systems depend on the orientation of S 3 . 

The group 7Ti(Bj) is the free group with basis % = {tj \ 1 ^ j ^ rt}, i = 1,2. 
The group ni(S) admits the finitely presentation tti(S) — (s\, . . . , S2n \ si • • • S2n}- 
Furthermore, each element of % and S is a meridian of K . In particular, all these 
elements are conjugate in Gk- This obvious remark will be essential in the sequel. 
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K = C 



Figure 1 . Special systems of generators 

The inclusions S ^ Bi and Bi <^-» Mk, i = 1,2, give rise to the commutative 
diagram 

7Tl(Bl) 

K i X \ pi 



(17) 



iri{M K ) = G A - 



«2 \ / P2 

7Tl(B 2 ) 

Each homomorphism of the previous diagram is onto. The Seifert-Van Kampen 
Theorem and diagram (|17l) combine to yield the following presentation of Gk'- 

(18) G K = (4 1 \tf\ l^i^n\ Pl o Kl (s j )= P2 oK 2 (s :j ), l<j<2n-l). 
Observe that (|18|l is a particular Wirtinger presentation of Gk- 

6.3. Representation subspaces. Corresponding to a plat decomposition of K — 
which gives rise to the splitting Mk = B\ Us B 2 — we introduce certain special 
representation subspaces of R{B i ) 1 i — 1,2, and R(S), see |Heuf)3l Section 3] 
and USE!. 

Consider a representation p of Gk in SU(2) and look at its restrictions pi = popi 
and ps — popi o Ki. In this way we do not obtain all the representations of wi(Bi) 
or 7Ti(5) because all the generators of these groups are conjugate to the meridian 
of K. For this reason we not only consider groups but marked groups. A marked 
group is a pair (G, Q) where G is a finitely generated group and Q is a fixed finite 
set of generators of G. For the marked group (G,Q), let BP{G) denote the subset 
of R(G) \ G(G) defined by 

(19) R G (G) = { P e R(G) \ G(G) | Trp(s) = Trp(i) Vs, t e Q}. 

It is obvious that the action by conjugation of SO(3) leaves R S (G) invariant. Thus 
we set R G {G) = R g (G) /SO(3) where R G (G) = R G {G) n R{G). We observe that 
R G (G) can be identified with the total space of a principal SO(3)-bundle with 
R G (G) as base space. 
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Notation. We write R T '(Bi) = R T - (m (£,-)), i = 1,2, # 5 (S) = # s (7n(S')) etc. 

M. Heusener proved in |Heu03j that R Ti {Bi) is a (2n — 2)-manifold and that 
R S {S) is a (4n — 5)-manifold. Corresponding to diagram (|T7Jl we obtain the com- 
mutative diagram 

i? Tl (Bi) 

(20) R S {S) R(M K ) 



R T2 (B 2 ) 

In diagram 1)20(1 all arrows are inclusions. Therefore we can see R(Mk) as the 
intersection of the images oiR T ^{B 1 ) and R T2 {B 2 ) inside R S (S). The commutative 
diagram (|2(J[I is the main ingredient to define (generically) a volume form on the 
SU(2)-representation space of Gk- 

We can prove that a representation p of Gk in SU(2) is regular if and only if the 
images in R S (S) of the manifolds R Tl (Bi) and R T2 (B 2 ) intersect transversally at 
[p] (see |Heuf)3l Proposition 3.3]). 

6.4. Construction of the volume form. The construction of our volume form 
on IZeg(K) is based on the two following facts: 

• If p is a regular representation, then 

(21) 0^T [p] R(M K ) D ^T [pi] R^(B 1 ) © T [p2] R T2 (B 2 ) D ^T [ps] R s '(S)— >-0, 

is a short exact sequence (cf. diagram (|2(J|) and the fact that R Tl (B\ ) and 
R T2 (B 2 ) intersect transversally et [p]). 

• The representation subspace R Ti {Bi) (resp. R S {S)) has a natural (2n — 2)- 
volume form v R (resp. a natural (4n — 5)-volume form v R The 
constructions of these volume forms are postponed to Subsection 16. 51 

If we assume these two facts, then the 1-volume form is defined using the 
notation of Subsection 12.11 and the exactness of (|21|) by 

In this way we locally construct a 1-volume form uj^ : [p] i— > wf, on the 1-dimensional 
manifold lZeg((). 

As it stands, dj 1 " is defined in terms of the plat decomposition of the knot and 
apparently depends on it. In fact, we can prove that is independent on £ and is 
moreover an invariant of knots, but this result will not be essential in the sequel. 
The proof of the invariance is based on a theorem of Birman-Reidemeister, which 
is similar for the plats to the Markov Theorem for the closed braids (see |Dub05| 
or the author Ph.D. |Dub03b| for details). Further observe that it is precisely the 
sign (—1)™ which ensures the invariance of cjA. Thus IZcg(K) is endowed with a 
well-defined 1-volume form denoted uj k which is constructed "a la Casson". 
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Remark 5. The orientation induced by uj k is precisely the orientation on TZeg(K) 
defined in |Heu03|. see |Dubf)5j. 

6.5. Volume forms on the representation subspaces. The construction is 
based on the following steps (sec Dub05 for more details). 

• The Lie group SU(2) is endowed with the 3-volume form n induced by 
the basis {i,j,k}. Similarly 77 denotes the 3-volume form on SO(3) = 
SU(2)/{±1} deduced from the one of SU(2). Considering the fact that 
the trace-function Tr : SU(2) \ {±1} — » (—2, 2) is a submersion, we define a 
2-volume form v on the 2-sphere S 2 = {A 6 SU(2) | Tr(yl) = 0} exploiting 
the "base A fiber" condition. Explicitly, for all A € S 2 , we have the short 
exact sequence 

0^T A S 2 ^T A SV{2)^T o {-2, 2)^0, 

in which SU(2) is endowed with the 3-volume form induced by {i, j, k} and 
(—2, 2) is endowed with the usual 1-volume form. The 2-volume form v on 
S 2 is the unique compatible volume form with the two others. 

• The map R(Bi) SU(2) n defined by p i-> (p{tf), . . .,p{t^)) is an iso- 
morphism which allows us to identify R(Bi) with SU(2) n . Using the inclu- 
sion 

(-2,2) x (S 2 ) n -» SU(2) n , (2cos(0),P 1 ,...,P„) -> (cos(fl) +sin(fl)P i )i <<<n) 

we identify R Ti (Bi) with the product (-2,2) x (S 2 ) n . As a consequence, 
the (2n + l)-manifold R Ti (Bi) is endowed with a natural (2n + l)-volumc 
form v R '( Bi \ namely the one induced by the product volume form on 
(-2,2) x (S* 2 )". 

Next, we define a {An — 2)-volume form on R S {S) as follows. Let D* 
be the 2n-punctured disk S \ {00}. The fundamental group of D* is the 
free group of rank 2n generated by S — {s\, . . . , S2n} (see Fig. P). Let 
U be the subgroup normally generated by the product s\ ■ ■ ■ S2n, we have 
7Ti(5) = iti(D*)/U. In Hcu03, Lemma 3.1], Hcuscncr proved that the map 
ip : R S (D*) — > SU(2) defined by ip(p) = p(s 1 ---s 2n ) is surjective, that 
R S (S) = V ;_1 (l) and that the set of critical points of if) coincides with the 
set of abelian SU(2)-representations of ni(D*). Thus, we have the short 
exact sequence 

0^T p R s {S)^T p R s {D*)^su(2)^0. 

In this sequence, su(2) is endowed with the 3-volume form induced by 
{i,j,k} and R S (D*) is endowed with the natural {An + l)-volume form 
(because R S {D*) is an open subset of R S (D*) S £-2,2) x (S 2 ) 2n which 
is endowed with the product volume form). Then R S {S) is endowed with 
the unique {An — 2)-volume form v rS ^ which is compatible with the two 
others. 

• Finally, if {G,Q) is one of the marked groups (7ri(Pi), 71), (^1(^2), T2) or 
{ni{S),S), then Rp{G) — > R?{G) is a submersion. So we define a volume 
form on R^{G) exploiting the "base A fiber" condition. 
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7. Comparison 

This section is devoted to the comparison of the two constructions we have done 
in Sections |S] and |SJ We explain how we can interpret the volume form oj k on 
IZeg(K) in terms of the Reidemeister torsion form t k and finally prove that they 
produce the same topological invariant. 

7.1. Comparison of torsion and volume forms. The main result of the article 
is 

Theorem 7.1. Let K be a knot in S 3 . For any regular representation p : Gk — * 
SU(2) we have 

The proof of Theorem 17.11 needs several steps (and is postponed to Sections El 
and 1 1 0(1 . The key idea to compare the two volume forms and uiK on T^R(Mk) 
is to interpret them as one and the same Reidemeister torsion of an auxiliary chain 
complex. We shall discuss this point in Subsection ED 

7.2. Some remarks and consequences. 

(1) According to Remark [5] the induced orientation on IZeg(K) deduced from 
the volume form t k is exactly the one defined on IZeg(K) by Heusener 
in Heu03| . 

(2) The Casson-Lin invariant Xcl(K), defined in |Lin92j . can be interpreted 
via the sign-determined Reidemeister torsion as follows (c/. |Heuf)3l Pro- 
position 5.4 & Lemma 5.5]). Let (G,G) be a marked group. Consider 
R°(G) = { P eR G \ Tr(p(t)) = 0VteG} and R G {G) = R G (G)/SO{3) (with 
Rq(G) = Rq(G) n R(G)). Set q\ 0) = ^(rJ^B,)) for i = 1,2. The inter- 
section Q± fl Q% is compact and the Casson-Lin invariant of the closed 
braid cr A , a £ B n , is the intersection number: 



WO = (-i)" (q?\q^ 



I R$(S) 

see |Lin921 Theorem 18] and |Heuf)3l Section 5.3]. Keep in mind the nota- 
tion of Subsection l4.ll If all the representations in Q\' C\Q^ are m-regular, 
i.e. if and intersect transversally, then 

WO = £ sgnjrfC^V)) 
[p]£QrnQ< 0) 

7.3. Main ideas of the proof. Let K be an oriented knot in S 3 presented as a 
2n-plat £ as in Sectional and let p : Gk — > SU(2) be a regular representation. The 
plat presentation £ of K induces the Wirtinger presentation l(18|) of Gk- 

We want to compare the Reidemeister torsion of the acyclic chain complex 121(1 

T£ = Q^T [p] R{M K )^T [pi] R^{B 1 ) ®T [p2] R T *(B 2 )^T [ps] R s (S)^0, 

which allows us to define the volume form , to the Reidemeister torsion of the 
non-acyclic (Ad o p)-twisted chain complex ((14(1 of the knot exterior 

X: = 0^su(2)^L su (2) 2n ^su(2) 2n - 1 ^0. 
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For this purpose we introduce and use the auxiliary chain complex 

D£ = O^Der p (Af K )^Der pl (B 1 ) © Der P2 (£ 2 )^Der ps (5)^0. 

Applying Propositions 13.11 and 14 . 1 1 we get Der p (G K ) = T p R(M K ), Der Pi (7Ti(Bj)) = 
T Pi R(Bi) and Der ps (7Ti(S')) = T ps R(S). The chain complex D£ is not acyclic and 
can be consider as a sort of "Mayer- Vietoris sequence". The advantage in using D» 
belongs to the fact that, in opposition to X£, its homology in dimension 1 vanishes 
and it has just homology in dimension 0: ifo(D$) = H^(Mk) — -ffo(XS). We will 
discuss the chain complex D£ in detail in Section [S] 

The main ingredient to perform the comparison of the torsions is the multipli- 
cativity of the sign-determined Reidemeister torsion. Let us recall this property. 

Multiplicativity Lemma. Let 

(23) o— *C£— ^C,— »0 

be an exact sequence of chain complexes. For each i, fix volume forms on C[, C i , 
C'l , iJi(C^), H^C^) and Hi(C"). Associated to is the long exact sequence in 
homology 

^HiiC'J^HiiCJ^HiiC'J^Hi^iC)^ ■■■ . 

Let Ti* denote this acyclic chain complex and endow Tisi+2 = Hi(C r ), 7^3i+i = 
Hi(cJ) and Uzi = H t (C'J) with the volume form on Hi(C'J), ^(CJ and i?i(C") 
respectively. 

If for all i, the volume forms on the components of the short exact sequence 
— — s-Cj — >-C" — are compatible, then 

Tor(oj = (_i)«(c:,c:')+e(c:,c,,c:') Tor(c , } . Tor(c ,, } . tQr(7it)j 

where 

a(C m ,CC) =J2 a i-i( c '*)ai( c ") e Z/2Z 

and 

e(C„,c„c;) = ^[(A(CJ + i)(A(c:) +A(c:0) + Pi-xiC'MC':)] e Z/2Z. 

The proof of the Multiplicativity Lemma is a careful computation based on linear 
algebra, see |Tur861 Lemma 3.4.2] and |Mil66l Theorem 3.2]. 

Keeping in mind this property, the proof of Theorem 17.11 is done in Sections 
and 1101; it is quite natural and essentially consists of two parts. Firstly (see Sec- 
tion we compare the sign-determined Reidemeister torsions of the chain com- 
plexes T* and D*. Secondly (see Section I1U[1 we compare the sign-determined 
Reidemeister torsions of the chain complexes D£ and X* to obtain the required 
equality between the torsion form t k and the volume form u> K . 

8. The auxiliary chain complex 

The proof of Theorem 17 . II uses some more properties about the notion of twisted 
derivations; this material is described in the following subsections. The notion of 
twisted derivations gives a method to identify the tangent bundles of the SU(2)- 
representation subspaces i? Ti (i?i) and R S (S). These identifications are used to 
effectively compare the volume forms uj k and r . 
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8.1. Volume forms on the twisted derivation spaces. Suppose that K is 
presented as a 2n-plat and keep the notation of Section EJ The plat presentation 
of K gives the splitting Mr- = B\ Us -B2, where B\, B2 are handlebodies and S is 
a 2n-punctured 2-sphere. 

Notation. We write Der p (M K ) = DeT p (G K ), Der Pi (Bi) = Dei Pi (TT 1 (B i )) and 
Der Ps (S*) = Der ps (7n(5)), here p G R{M K ). 

The choice of the system of generators % (resp. S) for the group 7r 1 (i? i ), i = 1, 2, 
(resp. 7Ti(5)) gives 

Fact 8.1. Fori = 1,2, Der^B;) ~ su(2) n and Der Ps (S*) ^5u(2) 2 ™- 1 . 

Proof. We use the fact that ■Kx{B i ) (resp. ir\{S)) is the free group of rank n (resp. 
is isomorphic to the free group of rank 2n — 1). Explicitly the isomorphisms are 

• ifi : su(2)™ — > Der P4 (i3j) defined by : x = (xi,...,a; n ) 1— > d x , where 
o! x G Der Pi (_Bi) is such that cP(tj) — Xj, for all j = 1, . . . , n. 

• <£> s : su(2) 2n_1 -> Der ps (S) defined by ^5 : x = (xi, . . . , * 2n -i) ^ rfx , 
where d x G Der ps (5) is such that cP(sj) = Xj, for all j = 1, . . . ,2n — 1, and 

d x (s 2 „) = -Ad ps{si ... S2n _ l) -i(x 1 ) Ad ps[s2n _ l) -i{x 2 n-i)- 

□ 

The isomorphism Dei Pi (Bi) = su(2)™ allows us to define a volume form on 
Der Pi (Bi) namely the one induced by the product volume form on su(2) n . Sim- 
ilarly, the isomorphism Dei Ps (S) = su(2) 2 ™ -1 allows us to define a volume form 
on Der Ps (S) in the same way. But it is possible to define an a priori different 
volume form on Der Ps (S) in another "natural" way. Consider the 2n-punctured disc 
D* = S\ {00} and the map i/j : Der ps (Z?*) — > su(2) defined by ip(d) = d(si ■ ■ ■ s 2n )- 
Thus, we have the short exact sequence 

(24) o^-Der ps (S) -^-Der ps (D* ) -^su(2) — M). 

Recall that Der ps (D*) = su(2) 2 ™ is endowed with the volume form induced by the 
product volume form. 

Claim 8.2. The volume forms deduced from the product volume forms on su(2) m 
on each component of the exact sequence \24\j are compatible. 

Proof. Let d x G Der ps (D*) be defined by d x (sj) = 0, for all j = 1, . . . ,2n - 1, 
and d x (s2n) = Ad ps ( S2 \(x). We consider the section s : su(2) — > Dei ps (D*) of 
ip defined by s(x) — d x . The previous identifications for Der ps (S') and Der ps (Z)*) 
gives us the commutative diagram 

— > Der ps (5) — > Der ps (D* ) -t- su(2) — > 



su(2) 2 "- 1 — su(2) 2n su(2) — 



in which 



i(xi, . . . , X 2 n-l) = 

[x X ,..., X 2n -1, - Ad p S (si-s 2n -i)- 1 Ad Ps(s 2n -ir 1 ( x 2n-l)) 
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and 

j(x lt x 2n ) =x x + Ad ps{si) (d(s 2 )) H h Ad ps{si ... S2n _ l) (d(s 2n )). 

Moreover the section s of ip can be identified with the one of j also denoted s : 
su(2) -> su(2) 2 " and defined by s{x) = (0, . . . , 0, Ad ps („ 3n )(x)). 

The determinant of the transition matrix from the canonical product basis 

\h> jl)kl, . . . , l 2n , J2n, k 2 n} 

of su(2) 2 ™ to the basis 

{i(ii),i(ji),i(ki), . . . ,i(i2n-i),i(j2n-i) ) i(k2n-i),s(i),s(j),s(k)} 

of su(2) 2 ™ is +1. So, the volume form on Der ps (5 l ) which is compatible with the 
two others on the components of the exact sequence (12411 can be identified with the 
product volume form on su(2) 2 ™ -1 . □ 

8.2. The auxiliary derivation chain complex. The Mayer- Vietoris sequence 
for the twisted cohomology associated to the splitting Mk = B\ Us B 2 and to the 
irreducible representation p : Gk —> SU(2) reduces to 

^H I (Mk^H^ (Bt ) © Hi (B 2 ) -+H\ a (S) -^tf 2 (M K )^0. 

From the splitting Mr = Bi\JgB 2 we deduce the auxiliary derivation chain complex 

DP = 0^Der p (Af K ) J i-Der pl (B x ) ffi Der P2 (£ 2 )^Der ps (5)— ^0. 

Here 

p* : Dei p (M K ) Der pi (Bi) © Der P2 (B 2 ), d i-> (d o Pl , -d o p 2 ) 
and k* : Der pi ) ffi Der p2 {B 2 ) — > Der ps (S) , (di , d 2 ) i— > di o k x + d 2 o k 2 ■ 

The equalities kerp* = 0, imp* = kerK* and coker/i* = H p (Mk) give us 

Fact 8.3. The homology of 1)1 reduces to = H (D%) ^ H 2 p (M K ). 

We now describe the reference volume form we choose on each component of 
the chain complex 2)£. Fact 18. ll tells us that <pi : Der Pi (£?i) — > su(2) n (resp. 
ips : Der ps (5') — > 5u(2) 2 ™ -1 ) is an isomorphism. So Der Pi (Bi) (resp. Der ps (5)) 
is endowed with the volume form induced by (fi (resp. (ps) and by the product 
volume form on su(2)™ (resp. su(2) 2 ™ -1 ). We endow Der pl (_Bi) ffi Der P2 (£? 2 ) with 
the product volume form corrected by the factor (—1)™ (as in equation (|2*2"|> ). To 
produce a reference volume form on Der p (M^) we use the exactness of sequence J7J) 

0^su(2)^T)eT p {M K )^H 1 p (M K )^Q. 

Here su(2) is endowed with the 3- volume form i A j A k and H p (Mx) = T^R(Mk) 
is endowed with the 1-volume form w^j. Using compatibility we endow Der p (Mif) 
with the 4-volume form w p such that Wp/uy, — i A j A k (we use the notation 
described in Subsection 12. 1(1 . 

The complex D* is based using the convention of Subsection 12.21 that is, we 
endow each D p with any basis which has volume one. 
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8.3. Tangent bundles of R T '(B t ), i = 1,2, and R S (S). Let (G, Q) be a marked 
group. Set Q = {g±, . . . ,g m } and fix p G R^(G). Just as we are interested in the 
representation subspace R S (G) we introduce the subspace 

Der^G) = {d G Der p (G) | (dfo), ^ P fe)) = (d(g k ), P p (g k )), 1 < < m} 

of Der p (G). We also consider the subspace 

Derf (G) Q = {de Der p (G) | (d(g,-), = 0, 1 < j < m} 

of Der^G). The equalities between the scalar products can be considered as an 
"infinitesimal" counterpart of the equalities between traces in <|19[) . 

Notation. We write Der^S*) = Der£* (tti (Bi)) and Der^S) = Der p ? s ( 7 r 1 (S')) 
etc. 

The sequel of this subsection is devoted to a careful analysis of the subspaces 
DerJ* (Bi) and Der^ s (5) where p G R(Mk)- In fact, we shall prove the two iso- 
morphisms Der^(Bi) = T Pi R Ti (Bi) and Der^S) = T ps R s (S). Let us begin with 
a lemma. 

Lemma 8.4. We have Inn Pi (£?i) C Der p *(Sj) , /or i = 1,2, and Inn ps (S) C 
Derf s (S) Q . Moreover if d e Dcr p (M K ), then di=do Pi G Der^(B,) fori =1,2. 

Proof. The proof of this lemma is a straightforward consequence of the well-known 
identity {x,P) = (Ad A (x),P), where A G SU(2) \ {±1}, AeU is a rotation which 
fixes P € S 2 and cc G su(2). In fact, we prove the following more general result: if 
G is a group, if g G G and if p G R(G) is such that /?(<?) ^ ±1, then we have the 
properties 

(1) if S G Inn p (G), then (6(g), PP(g)) = 0, 

(2) if d G Dcr p (G) and g, g' are conjugate, then (d(g) , P" (g)) = (d(g'), P p (g')}. 
For this purpose, 

(1) If (5 G Inn p (G), then there exists a G su(2) such that 5(g) = a — Ad p ^a for 
all g G G; so that (S(g),PP(g)) = (a,PP(g)) - (Ad p{g) a, PP(g)) = 0. 

(2) If we write g 1 as g' = hgh -1 , then 

= d(h) - Ad p[gl) d(h) + Ad p{h) d(g) and PP(g') = Ad p[h) PP(g). 
We thus have 

(d(g'),P p (g')) = (d(h),PP(g')) - (Ad p{gl) d(h),PP(g')) 

+ (Ad p{h) d(g),Ad p{h) P p (g)), 

which gives (d(gi),PP(g>)) = (d(g) , PP (g)) . 
The inclusions stated in the lemma straight follow from the first property; the 
second part arises from the second property (because is conjugate to to). □ 

The same arguments give us 

Lemma 8.5. If p G R(M K ), then Inn p (M K ) C Der p (M A -) C Der p (M x ). 

Here we write Der p (M K ) = {d G Der p (M K ) | (d(m),PP(m)) = 0}. 

Remark 6. Recall that p is regular if and only if dimDer p (M^-) = 4. Observe that 
for any regular representation p we have either Der p (M A ) Q = Inn p (Mx) when p is 
TO-regular, or Der p (M^-) = Der p (M^-) when p is regular but not m-regular. 
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If (G,Q) is one of the marked groups (m(Bi), %), (^1(^2), 7^), or (ni(S),S), 
then inclusion 10 induces an inclusion from T p Rp(G) into Der p (G). Using a di- 
mensional argument we obtain 

Lemma 8.6. If p e R{M K ), then the inclusions T p R Ti {Bi) Derf 4 (£,-), i = 1,2. 
and T p R s (S) Der p (S) are isomorphisms. 

The space Derj^-B,-) ^ T p R Ti (-B,), i = 1,2, (resp. Deris') T p R s (Sj) is en- 
dowed with the volume form induced by the natural one on T p R Ti (Bi) 

(resp. < "' S ' 1 on T p R s (S)), see Subsection 16.51 These isomorphisms between tan- 
gent subspaces and derivation subspaces are the main tool in the proof of The- 
orem E31 

For any regular representation p of Gk we have the acyclic chain complex 

(25) C£ = O^Der p (M if )^Der^(B 1 ) ©Der£(fl 2 )^Der£ fl (S)— M), 

and the isomorphisms Der p (M K ) ^ T p R(M K ), Der^(Sj) = T pi R Ti (B{), i = 1,2, 

and Der ps (5 1 ) = T ps R s (S). We endow the components of C* with reference volume 
forms as follows: 

• 62 = Der p (Mft-) is endowed with the 4- volume form w p , 

• Gl = DerJ^(Bi) © Der^(i3 2 ) is endowed with the sign-corrected product 

volume form (— l) n (v Pl < " Sl ' ) A v P2 ( B2 * 1 ) (as in equation Q22|l ). 

• Cq = T>eTp s (S) is endowed with v ps 

The complex C£ is based using the convention of Subsection 12. 21 that is, we endow 
each G P with any basis which has volume one. 
Wc finally introduce the linear forms 

(26) tt, : Der£(Bi) -> K, d -» (d^.P"^ )), * = 1,2, 

(27) 7r s :Der* (S)-R, d « (d( Sl ), P" s ( Sl )). 

It is quite obvious that 7T$ and 7r5 are surjective, that Der^*(B,) = ker7Ti, for 

i = 1,2, and that Der ps (S) — ker7rs. These equalities allow us to define a nat- 
ural volume form on each kernel — namely the one induced by the volume form on 
Der pl(Bi) and Deif s (S) respectively. 

9. Proof of Theorem 17. II : Part 1 

We turn now to the proof of Theorem l7.ll which will be discussed in this section 
and the next. To prove the equality between the volume form uj k and torsion form 
t k we interpret them as the Reidemeister torsion of the auxiliary chain complex 

T>p = O^Dcr p (Af K ) J ^Der pl (B 1 ) © Der P2 (B 2 )^Der ps (5)^0 . 

The proof splits into two parts. In the first one (this section) we explicitly compute 
the sign-determined Reidemeister torsion of D*. In the next one (Section I10[l we 
achieve the proof by comparing the sign-determined Reidemeister torsion of D» to 
the one of the twisted complex Ijl4|l of the knot exterior 

X£ = 0^su(2)^Lsu(2) 2 "^su(2) 2n - 1 ^0. 
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The main purpose of the first part of the proof is to establish 

Lemma 9.1. If Hq(T>*) = H p (Mk) is based with the generator h p 2 ^ (see equa- 
tion llffy ). then 

Tor(!D£)=sgn(Tor(£*)). 
Here is the chain complex 

The proof of Lemma 19 . 1 1 rea uires three steps. It is based on Lemma 18.61 

9.1. First Step. The aim of the first step is to compare the sign-determined Rei- 
demeister torsion of the acyclic based chain complex (see Subsection 18. [\\ 

e p = ^Der p (Af K )^Der^(S 1 ) ®Dexf 2 (B 2 )^Dex%(S)^0 

with the one of the acyclic chain complex 

= O^T M i?(Af K )^T [pi] i? r i(i?i) (BT [p2] R T HB 2 )^T [ps] R s (S)^0. 

The components of this last complex are endowed with the compatible volume forms 
described in Subsections 16. 4Jl6~51 

• % = T [ps] R s {S) is endowed with v^Jf\ 

• JP = T[ Pl ]R Tl (Bi)®T[ P2 ]R T2 (B 2 ) is endowed with the product volume form 



R Tl {Bi) A V R T HB 2 



J [P2 



• 7 2 — T[ p ]R(Mk) is endowed with the 1-volume form ujf, defined by equa- 
tion 

We based T* using the convention of Subsection 12.21 

First, the compatibility of the volume forms on the components of T* implies 
Tor(T£) = 1. 

Next, to compare the Reidemeister torsion of C£ with the one of 7 P we use the 
commutative diagram 



III 
S* = ^ su(2) ^ su(2) © su(2) ^ su(2) ^ 

III 
C£ = — »- Bct p (Mk) > Der£ (Bi) © Derjf {B 2 ) > Der^ s (S) — > 

III 
7 P = — T [p] R(M K ) T [pi] i? r HSi) © T [P2] R T -(B 2 ) — T [ps] R s (S) 

III 


Each row and each column of the previous diagram is an acyclic chain complex. 

Lemma 9.2. The Reidemeister torsion of satisfies Tor(CC) = — 1- 

Proof. The spaces So and §2 are endowed with the 3- volume form i A j A k, and 
the space §1 = su(2) © su(2) is endowed with the product volume form. By 
construction the volume forms on the components of the short exact sequence 
— 5-§i — s-Cf — >-7? — s~0 are compatible, for i = 0, 1, 2 (see Subsection 16. 5f) . 
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The Multiplicativity Lemma gives Tor(C£) = (-l) Q Tor(S*) • Tor(Tf), where 
a = a(S*,T*) = 1 6 Z/2Z. It is easy to see that Tor(S*) = 1, which gives 
Tor(ee) = -1. □ 

9.2. Second Step. In this second part we compare the sign-determined Reide- 
meister torsion of the chain complex 

e£ = O^Dcr p (Mtf)^Der£(fli) © Der^(S 2 )^Der^ s (5)^0 

with the one of 

n = O^Dcr p (M*) ^Der£(i?i) eDffl£(B 2 ) ^Der* (S) Q — M). 

The chain complex 23, is acyclic if and only if Der p (Mff) = Iwx p (Mk), i.e. if 
and only if p is m-regular (see Remark[SJ). If not, the homology of 23* reduces to 
i?*(23£) = f/o(23*) — Hp(Mx) = R- We thus split the discussion into two cases to 
make it clearer. 

(1) m-regular case. We suppose that p is m-regular. 

To compare the Reidemeister torsion of the acyclic chain complex C£ to the one 
of the acyclic chain complex 23£ we use the following commutative diagram 



S£ = — Der p (Mff) — Dex£(£i) © Der£(fl 2 ) Betf g (S) Q 

1 I I 

6$ = — - Der p (M K ) - Derjj (S x ) © Derf 2 (B 2 ) > Der^ (S) — »- 



IR* — ■ 



I 



Here Tit is defined by equation l|2t)|) . i = 1, 2, 7r,s by equation (|27|l . 

/3 : Der p (Mk) -> R, d h-> (d(m), P p (m)), 

a : R -v R © R, x i-> (x, -x) and cr : R © R ->• R, (x, y) i-> x + y. 

Each row and each column of the previous diagram is an acyclic chain complex. 

The commutativity of the previous diagram comes from the fact that all elements 
of the systems of generators %, i = 1,2, and S are conjugate to the meridian of K. 

Recall that 

• IBj = Der p (Mff ) = Inn p (Affj-) = su(2) is endowed with the 3-volume form 
induced by the one on su(2), 

• 23 p = DerJ^ (2?i) ©Der^ (-B 2 ) is endowed with the 4n-volume form induced 
by the one on 6? = Derjj(fli) © Der^(£ 2 ), 

• 23q = Der ps (S) Q is endowed with the (An — 3)-volume form induced by the 
one on = Der ps (5) (see Subsection IO). 
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As p is supposed to be m-regular there exists a unique vector h!p{m) G H^(Mk) 
which satisfies f^(hp{m)) = (hp 1 \m).rn,P p {rn)) — 1, see Subsection 14. II Set 

(28) T = uf p] (ip^{hV{m))) 

which is expected to be the (Ad o ( o)-twisted Reidemeister torsion of Mk with 
respect to the basis j/ip 1 ^ (m), hp 2 " 1 j of H*(Mk). With this notation we compute 
the Reidemeister torsion of 23* in this case. 

Lemma 9.3. We have Tor(S£) = r. 

Proof. The volume forms on the components of the short exact sequence 

— — ^Cf — — >0 

are compatible for i = 0, 1. We easily show that the volume form on 3^2 = R which 
is compatible with i A j A k on 23^ = Der p (AfR-) = Iihi p (Mk) = su(2) and with w p 
on 63 = Derp(Mft-) is the usual 1-volume form on K corrected by the factor r -1 . 
The Multiplicativity Lemma applies and gives 

Tor(CS) = (-l)"Tor(23£) • Tor(^), 

where a = = 1 G Z/2Z. It is easy to see that Tor(ft*) = r _1 . Thus 

Tor(CC) = — • Tor(23£). We conclude referring ourselves to Lemma f9. 21 □ 

(2) Non m-regular case. Now we suppose that p is regular but not m-regular. 

To compare the Reidemeister torsion of C£ with the sign-determined one of the 
non acyclic based and homology based chain complex 23* we use the commutative 
diagram 



|ll 
23£ = BCT P (M K ) Der* (B^ © Der£(B 2 ) Der* (S) Q -» 



6^ = — »- Beip(M K ) > Der^(Si) © Der^(B 2 ) Dcrf s (S) 



= ^ ■ 



| ff£ 





Here a : R © M — » K is defined by cr(x, y) = x + y and we recall that 23^ = 
Der p (Mif ) = Der p (M^ ) Q in this case. 

Let 7i* denote the long exact sequence in homology associated to the exact 
sequence of chain complexes — s~23* — s~C£ — — s~0. Here H* reduces to 

(29) H* = H±(X) H a {V'l) — »- 0. 

We have ifi^'*) = kerer = {(x,—x) \ x G R}. Choose (1,-1) as generator 
for i?i(3^'„) = kercr. This choice will not affect our computation as we will see in 
Claim EH With this choice we have (for the same reason as in the previous case) 
Tor(IR'J = 1 (because \% \ = 0e Z/2Z). 
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Lemma 9.4. If i?o(55*) is based with any generator, then the sign- determined 
Reidemeister torsion of 23* satisfies: Tor(®*) = (tor(H*)) _1 . 

Proof. As in the proof of Lemma 19.31 we verify that the volume forms on the com- 
ponents of the exact sequence 

— ^1 — ^Cf — — ^0 

are compatible for i = 0, 1, 2. 

The Multiplicativity Lemma applies and gives 

Tor(eC) = (-l) e +«TorCB£) • Tor(^) • tor(?4), 

where e = e(22, e£, 3^) = 1 G Z/2Z and a = o^SS,^) = G Z/2Z. 

Finally, Lemma E3 provides Tor(B£) = (tor (ft*)) -1 . □ 

9.3. Third Step. This third and last step of the proof of Lemma f9. II is the more 
difficult one. We compare the sign-determined Reidemeister torsion of 

V? = 0^Der p (M if ) o ^Der^( J B 1 ) o ©Der^(5 2 ) ^De4(5) ^0. 

with the one of the based and homology based chain complex (see Subsection 18.211 

V p , = — ^BeT p (M K )^DeT pl (B 1 )®Bei P2 {B 2 )-^'DeT ps {S) — ^0 

With the notation and results obtained in the last two steps we can achieve the 
computation of Tor(D*). 

Proof of Lemma l9.ll It requires several steps. We must repeat the splitting used 
in the second step to use the computations we made for Tor(23*). 

(1) m-regular case. We suppose that p is m-regular. 
Consider the linear maps 

: Der p (M K ) -> R, d i-> (d(m), P p (m)), 

& : Der Pi -> R", d » ((d(t«), P" (t ( p)), (d(i«), P«(4 l) )>) (i = L 2), 
/3 S :Ber ps (S) R, d h-> «d(*i), P ps ( ai )>, . . . , (d(a 2n ), P" s (s 2n )» . 
We can easily see that these three maps are surjective and that 

Der p (M K ) = kcr/3, Der^(Bi) = kerft, Der^ s (S) = ker/3 s . 

If ^ : Hp(Mic) — > R denotes the isomorphism defined by ^{h p 2 ^) = 1, then the 
following diagram is commutative: 



* I t | 
®: = - Der p (M K ) - Der£ (B^ © Der^ (B 2 ) Q * Dex* (5) Q 

1 I I I 

= — Vei p {M K ) Der Pl (Pi) © Der P2 (P 2 ) > Der ps (5) P p 2 (A^) - 

K» = > R > R™ © R" > M 2 « > R ^ 



Each row of the previous diagram is an acyclic chain complex. The volume 
forms induced on the components of 31* which are compatible alongcolumns are the 
following ones: 
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• 3?3 = K is endowed with the usual 1-volume form, 

• 3^2 = R n ©R n is endowed with the usual product volume form on K™ ©R™, 

• 3?i = R 2 ™ is endowed with the opposite of the usual product volume form, 

• 3?o = R is endowed with the usual 1-volume form corrected by the factor 
r _1 (see equation J2EJ). 

First, observe that Tor(2)£) = -(Tor(D^)) _1 and Tor(S^) = (Tor(Sj))" 1 . 
Moreover, Lemma f9 . 31 implies Tor(23») = r, thus 

Tov(X)=r-\ 

Next, the Multiplicativity Lemma gives 

Tor(»C) = -r- 1 -Tor(^). 

It remains to compute Tor(3£*). For this purpose, let M* be the chain complex equal 
to 3?* but differently based. We suppose that each component of M* is endowed 
with the usual product volume form on W. If we apply the basis change formula (J5J 
we obtain 

Tor(^) = -r • Tor(M*)- 

The aim of the following claim is to compute the sign-determined Reidemeister 
torsion of M* . 

Claim 9.5. We have 

(30) Tor(M*) = -sgn(Tor(X»)). 

Here we recall that X* is the chain complex (|13|l . 

Proof of Claim I7T31 Several steps are required to accomplish it. 
(a) We begin by interpreting the acyclic chain complex M* as a Mayer- Vietoris 
sequence as follows. Consider a 3-dimensional ball D 3 which contain the knot K. 
We write M K = M K fl D 3 , Bi=BxD D 3 and B 2 = B 2 n D 3 . 

We can easily see that H l (M K ; R) = H X (M K \ R) ^ R, H 1 ^; R) R", i = 1, 2. 
Using the long exact sequence in cohomology associated to the pair (8Mk,Mk), 
we further observe that H 2 {M K ;R) ^ ff 2 (<9Af K ;R) £ R. Thus the Mayer- Vietoris 
sequence with real coefficients corresponding to the splitting Mk = B\ U D 2\ K B 2 
reduces to 
(31) 

O^HHM k ;R)^H^B 1 ;R)(BH\B 2 :R)^H 1 {D 2 \K;R)^H 2 (M k ;R)^Q- 

To prove that the Mayer- Vietoris sequence H31J1 is equal to M* we introduce some 

more notation. The boundary of Bi, i — 1,2, is the union of n disjoint cylinders 

(i) i 
denoted TL? . The boundary of S is the disjoint union of 2n circles denoted Sj. 

The basis of are the circles S\ i _ 1 and S\i and the basis of T± are the circles 
Sj. 1 and Sj. 2 , where ji.i and ji >2 are the two integers whose images by Q are in the 
ith- handle (see Fig. Q] and Fig.EJ). 

Let us furthermore consider the canonical inclusions: i : 8Mk > Mk, j% ■ Sj 
S, fcf 5 : T t {1) Bt, fc,| 2) : if } ^ B 2l k : S} ^ D 2 \ K and I : M K 8Mk- 
Write the Mayer- Vietoris sequences for cohomology associated to Mr- = £?i Us 
£?2, to <9A/a- = 9-Bi Uas dB 2 and to M_?f = B\ Dd^\k B 2 . Taking into account 
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the naturality of the constructions and the fact that Hp s (Sl) = M.P PS (s 2 ) and 
H^OMk) — RP p (m), these sequences combine to yield the commutative diagram: 



< (#i) ®Hl 2 {B 2 ) 



i = l 

In 



PS 

• it 



H 2 P (M K ) 







K (if) © Hi (if) > Hi (Si) H*(BMk) — o 

i=l i=l 
n n 

(if ; R) © 1 (if ; R) H 1 (5/ ; R) ^ 



i=l 
P PS (s,)U- 

l 

2n 



P p (m)U ■ 



H 2 (dM K ;R) -^0 



ff 1 ^) ffitf 1 ^) 



i = l 

H 1 (D 2 \K; 



H 2 (M_ 



In this diagram each map 5, Ai and A2, and d is the connecting operator of the 
Mayer- Vietoris sequence associated to M# = £?i U5 B 2 , 8Mk = 9-Bi Uas B 2 and 
Mif = i?i U]j2\ K B 2 respectively. We also use the following notation: 



/i=0(^ (1) )*, /a = 0ft 



(2)> 



ri 



0PP 1 (4 1 ))U-, r 2 = 0P^(f } )U 



(=1 



'1 



i=l 



©(*■ 



'•2 



(2) 



i=l 



2d 



and the following identifications 7? 2 (9M^;R) = R, 

n n 

H 1 (if ; R) © H 1 (if ; R) = R™ © R" and H 1 (S? ; R) = R 2 " . 

i— 1 z— 1 z— 1 

All this suffices to establish the identification of M* with the chain complex (|3I(I . 

(b) Having the notation of part (a) in mind we are ready to compute Tor(M*). 
In this part we explicitly describe the homomorphisms d* and s* of the chain 
complex (|31fl. 

Consider the following matrix corresponding to d* 



Prl* 



( 1 
1 1 



1 

-1 



••• 0\ 
••■ 



1 
1 



V-i ••• 00 






1/ 
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ql ql 
ql ql 



si 
si 




dB 2 = T[ 2) U T 2 (2) 



5Bi = t[ 1] U T 2 (1) 



1 V / \ / ^2 

Figure 2. Boundary of the exterior of the figure eight knot and 



the tubes T 



(i) 



Let A denote the matrix of the homomorphism s*; A is a presentation matrix of 
H 2 (Mk \ Z) = Z. Let P s * be the matrix deduced from 



A' 



A 



\ 



N 



by deleting its first column. 
As we easily see, we have 

(32) Tor(M*) = det P s » • {detP^y 1 . 

We give an example to make the notation and the proof clearer. 

Example. For the trefoil knot (see Fig. ^) we have 

/ 1 1 0\ 



A = 



-1 







and P,« = 



-1 

0-1-10 
\0 1 1 / 

For the figure eight knot (see Fig. |5J) we have 

/ 1 1\ 





-1 
V 1 







A = 



and P,« = 



(° 



1 



o 

-l 
i 





1 




-1 






V 









V 



-10-10 
110 
\ -1 -1/ 

We can obtain the matrix A in the following way. 

The ith column of A, with 1 ^ i ^ n, is the vector with all entries of which are 
zero except the one of index 2i — 1 and 2i which is equal to (— l) 52 ^ 1 and (— l) £2i 
respectively. Here £ {±1} depends on the orientation of K and is defined by the 

rule i*(4fc-i) = (4 2) ) £fc (^e Fig.©. 

The (n + i)th column of A, with 1 ^ i ^ n, is the vector with all entries of 
which are zero except the ones of index j^i and ji t 2 which are equal to (— l) £ji l 
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and (— 1) Eh - 2 respectively. Here j'^i and ji t 2 are the two integers whose image by £ 
are in the ith- handle (see Fig. QJ. 

We moreover observe that each row of A contains exactly two coefficients non 
zero, equal to ±1; and that each column contains exactly two coefficients non zero, 
opposed and equal to ±1. Thus, the sum of all rows's entries is zero. Seeing that 
A is a presentation matrix of Z, the determinant of the matrix A n ^ n , deduced from 
A by deleting the nth row and the nth column, is equal to ±1. This remark will 
be used in the sequel. 

(c) In this last step we prove that Tor(M*) = — (Tor(X*)) _1 . 
The chain complex l(T3)) denoted X* reduces to 







S-2 



p2n dl „ P2n-1, 



^0, 



where 62 = 0. We have |X*| — 1 and if*(X*) is based with {|pt],m*}, see Subsec- 
tion ^. 21 To compute Tor(X*) in terms of Tor(M*), we associate to X* the acyclic 
chain complex 



K = ^H^Mk;} 



p2n 



Si 



p2n-l 



Here, H^Mk'R) is based with m*, where a{m*) = (1, . . . , 1, -1, . . . , -1) e M 2n , 
and the matrix of 8± is obtained from A by replacing the last row by (0, . . . , 0). 

Equation gj) implies tor(X'J = -(To^X*)) -1 = -Tor(X*) G {±1}, see Re- 
mark |5J With obvious notation we have 

tor(X'J = [fo^r 1 ' [b'bVc 1 ] ■ [b^/cT 1 ■ [b 2 /c% 

where [6°/c°] = \b 2 /c 3 } = 1, [b l b°/c l ] = det^„„ = detP s - and 



6V/c 2 ] = 



1 1 

-1 
-1 



= _(_1) 2 «+1 = 1 



It follows tor(X'„) = Tor(M*), which complete the proof of Claim 1^751 keeping in 
mind Remark [21 □ 



Claim E31 provides Tor(D£) = -(Toi^M,))" 1 = sgn(Tor(X*)) which achieve the 
proof of Lemma l9.1l in the m-regular case. 



(2) Non m-regular case. Now we suppose that p is regular but not m-regular. 

The comparison of the Reidemeister torsion of the based and homology based 
chain complex 'B* with the one of the homology based chain complex D* uses the 
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commutative diagram: 



| I I 

n. = -* Der p (Afe) Der£ (B 1 ) Q © Derjf (fl 2 ) Q — Dcif s 

III 
DS = Dcr p (M K ) — »► Der pi (fli) © Dcr P2 (B 2 ) ^ Dcr ps (S) — 

3?'' = ^ > E™ © R™ ! ^ R 2 ™ 





Let TC'^ denote the long exact sequence in homology associated to the previous 
diagram; 7i'„ reduces to 

(33) K = O^H^^HoCB^^HoCD^^HoiX^O. 

Remark that fl^P") = kers = {(x, . . . , x, —x, . . . , —x) x £ R} = R and choose 
(1, . . . , 1, —1, . . . , —1) as generator. 

Claim 9.6. // floPC) = H^(Mk) is based with the generator (see equa- 
tion $lb\l ) and if "H* denotes the chain complex \2iJ\) . then tor(7i' + ) = tor(7Y >t ). 

Proof. We begin by the following observation 

flip?) = kers = A^ © A^(kera) = A^ © A^flxp,)), 

where A< n ) : R 3 x ^ (x, . . . ,x) £ R". Thus the isomorphism A(")®AW : RffiR -» 
R"ffiR" maps the generator (1, -1) of fliP'*) to the generator (1, . . . , 1, -1, . . . , -1) 

Elsewhere, the Reidemeister torsion of the chain complex 7i'„ is the inverse of 
the product of two changes of basis: the one corresponding to the isomorphism 
flop*) = flop*) and the other to the isomorphism flip'*') fl (®£). Keeping 
in mind the choices of bases, the determinant of the transition matrix of the change 
of basis corresponding to the first isomorphism floP£) = flop") is +1. We remark 
that 

x = (x, . . . , x, -x, . . . , -x) = A (n) © A (Tl) (x, -x) £ ker s 

lifts to an clement in Derjj (fli)ffiDer^ (£>2)- Thus the determinant of the transition 
matrix of the change of basis corresponding to the second isomorphism H\(X) = 
flop*) is equal to the determinant of the transition matrix of the change of basis 
corresponding to the isomorphism Hi(X) = flo('B»). This is sufficient to prove 
the required equality. □ 

We can now finish the computation of Tor('D£). We establish the compatibility 
along each column of the previous diagram using the same technique as in the case 
(1) where p is supposed m-rcgular. The Multiplicativity Lemma gives 

Tor(T)P) = (-l) e+a Tor(^) • Tor(X) • tor(K) 

with e = e(BZ, VZ, X) = £ Z/2Z and a = apf, X) = G Z/2Z. 

Claim liF^l and Lemma liOl resoectivelv furnish tor(H^) = tor(H*) and Tor('B*) = 
(tor(H»)) _1 . Thus Tor(D£) = Torp£). It just remains to compute Tor (X)- Using 
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Claim ITT~5l it is easy to see that Tor (31") = sgn(Tor(X*)), which completes the proof 
of Lemma 19. II □ 

10. Proof of Theorem 17.11 : Part 2 

The second part of the proof of Theorem 17.11 consists in the comparison of the 
Reidemeister torsion of the chain complex 

VP = O^Bev p (M K )^DeT pi {B 1 )®Der p2 (B 2 )^T)eT ps (S)^0 
to the one of the chain complex (|14|> of the knot exterior 

X£ = — ^su(2)^Lsu(2) 2n ^-su(2) 2n - 1 — »-0. 
It splits into two steps. 

10.1. First Step. We compare the sign-determined Reidemeister torsion of the non 
acyclic homology based chain complex X* with the one of 3J£ using the diagram 



^ d" ^ d" ^ 
XI = *■ su(2) su(2) 2n >■ su(2) 2 "- 1 

V% = — Vcr p (M K ) X Der pi {B 1 ) ® Der p2 (B 2 ) X Der ps (S) 

1 | | 

£*=0 — >Hl{M K ) ^0 >Q- ^0 

ill 


Each component of the rows is endowed with a reference volume form. These 
reference volume forms are compatible along each column (see Subsection 18.1(1 . 
With the notation above, we prove 

Lemma 10.1. For all non zero vector v in H p (Mk), we have 

t p feW) =-(Tor(£*))- x . 
Before proving Lemma 110.11 we establish 
Claim 10.2. The previous diagram is commutative. 

Proof. To establish the commutativity of the diagram we use an explicit description 
of the boundary operators of the chain complex X*. Using the Wirtinger presenta- 
tion (|18J) of Gk we recall that 

4(x) = ((1 - tP) o a;, . . ., (1 - t«) o Z, (1 - 4 2 >) ox,..., (I- ti?) o x) 

for all x E su(2), and 

/ n n g 

d?((*j)i<i<a») = ( TJT) ° x 2j-i + Tlk ° X2 J 
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for all (xj)i^j^2n £ su(2) 2 ™, where n — Kx(si)n2{s^ )■ Essentially the commut- 
ativity comes from the two following equalities 

drj _ dni(sj) drj _ dn 2 {si) 

dt[V ~ 9t« dt^ dt™ ' 

□ 

Next, the twisted homology groups of X£, D{! and £» respectively satisfies 
ff (X£) S ff p 2 (A/ K ), #i(X£) S fl^Af*) and fl^O*) - if i > 2 (see §01). 
ffo(DJ) S H 2 p (M K ) and fli(DJ) = if i > 1 (Fact El- 
H 2 (£*) S H x p (M K ) and #;(£*) = if i ^ 2. 
Now we turn to the proof of Lemma 110.11 

Proof of Lemma \l0.1[ Let H" denote the long exact sequence in homology associa- 
ted to 0^>X£ — s-2)£^£,^-0. The Multiplicativity Lemma gives 

Tor(DC) = (-l) £+Q Tor(X£) • Tor(£») • Tor(?0, 
where e = e(X£, DS, £*) = G Z/2Z, a = a(X£, £*) = 1 £ Z/2Z. 

The sequence 7i" reduces to the two isomorphisms: (£* ) ~> H\ (X£) and 

if (^*)~*"-ffo(f *) • Thus Tor(H") is the inverse of the product of two changes of 
basis, the one corresponding to H 2 (Mk) and the other to H x (Mk)- Because of 
the choice of the bases of the twisted cohomology groups in dimension 1 and 2, we 
have tor(Ht') = 1. So Tor(D^) = -Tor(X£) • Tor(£*). Finally, using Lemma EU 
we conclude that 

(34) sgn(Tor(£*)) ■ Tor(X£) = -(Tor(£*)) _1 . 

□ 

10.2. Second Step. It remains to bring together all the computations of Reide- 
meister torsions we have done before. 

End of the proof of Theorem \7. 1\ Fix a non zero vector v £ H^Mk)', we will prove 

(*w M) = *f few)- 

To this end, we must compute the sign-determined Reidemeister torsion of the 
based and homology based chain complex £». Let z denote the generator of 
H x p {M K ) such that ^(^(z)) = 1. The basis of H X (M K ) formed by the single 

vector v and the basis of H 2 (Mk) formed by the single vector h p 2 ^ are the bases of 
the twisted cohomology groups of Mk in which we compute the sign-determined 
Reidemeister torsion Tor(Xj). We observe that £2 = H x [Mk) is based with {z} 
and # 2 (£*) = Hp (Mk) is based with {v}. With our conventions, we thus have 
Tor(£*) = —[z/v] (because |£*| = 1). 
Lemma 110.11 provides 

(35) rf (^f («)) = -(Tor(^))- 1 = [v/z]. 
So, by using formula l|35|l and the definition of z we get 
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which completes the proof of Theorem 17. II □ 
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